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The structure of dynamically generated states in the chiral unitary approach is studied from a 
viewpoint of their compositeness. We analyze the properties of bound states, virtual states, and 
resonances in a single-channel chiral unitary approach, paying attention to the energy dependence of 
the chiral interaction. We define the compositeness of a bound state using the field renormalization 
constant which is given by the overlap of the bare state and the physical state in the nonrelativistic 
quantum mechanics, or by the residue of the bound state propagator in the relativistic field theory. 
The field renormalization constant enables one to define a normalized quantitative measure of com- 
positeness of the bound state. Applying this scheme to the chiral unitary approach, we find that the 
bound state generated by the energy-independent interaction is always a purely composite particle, 
while the energy-dependent chiral interaction introduces the elementary component, depending on 
the value of the cutoff parameter. This feature agrees with the analysis of the effective interaction 
by changing the cutoff parameter. A purely composite bound state can be realized by the chiral 
interaction only when the bound state lies at the threshold or when the strength of the two-body 
attractive interaction is infinitely large. The natural renormalization scheme, introduced by the 
property of the loop function and the matching with the chiral low-energy theorem, is shown to 
generate a bound state which is dominated by the composite structure when the binding energy is 
small. 

PACS numbers: 14.20.-c, 11.30.Rd, 12.39.Fe 



I. INTRODUCTION 

Recently, intensive attention has been paid to the dis- 
cussion of hadronic molecular states, in which two (or 
more) hadrons are loosely bound by the interhadron 
forces. In general, masses of such hadronic molecular 
states lie close to some two-hadron threshold energies. 
Classical examples are found in the light quark sector: 
the A(1405) resonance below the KN threshold dHl] 
and the scalar mesons ao(980) and /o(980) close to the 
KK threshold Q. In relation with the recent progress 
in the hadron spectroscopy at B factories, the charmo- 
nium X(3872) resonance is also discussed as the DD* 
molecule [H, [y] . It is important to clarify the property 
and the binding mechanism of the hadronic molecules 
for the understanding of the nonperturbative aspects of 
the strong interaction. Various attempts to classify the 
internal structure of hadrons have been proposed, for in- 
stance, by the iV c scaling method |7H12||. by property 
changes along with chiral symmetry restoration 11311. an d 
by production rates in the heavy-ion collisions [14l 1 1 51 ] . 



The appearance of hadronic molecules near the thresh- 
old region is similar to the cluster phenomena in nuclear 
structure, for instance, the appearance of the state 
of 12 C close to the 3a threshold (the Hoyle state) [l6| . 
For hadrons, however, there are peculiar difficulties in 
the discussion of the molecular states. For instance, be- 
cause the qq pair creation and annihilation can take place 
through the strong interaction, "the number of valence 
quarks" is not a good classification scheme of the struc- 
ture. In any case, the discrimination of the hadronic 
molecules out of other structures is a subtle issue, as 
compared with the nuclear structure. To start with, we 
need a theoretical framework with a clear definition of 
the hadroninc molecular states. 

The structure of a particle, whether it is elementary or 
composite, was intensively discussed in 1960s, using the 
field renormalization constant Z in nonrelativistic theo- 
ries p7j - l2ll ] . A famous result is found in the study of the 
deuteron in Ref. 22[, where a model- independent rela- 
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tion of the compositeness with observables was derived 
in the small binding energy limit. The renormalization 
constant Z is first related to the p-n-d coupling constant 
g and the binding energy of the deuteron B, which are 
then connected with the experimental observables such 
as the scattering length and the effective range. In both 
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steps, small binding energy is assumed. The compositc- 
ness through the field renormalization constant Z was 
also studied in a relativistic field theory [23j], and there 
have been several attempts to extend the notion of com- 
positeness to resonances [23 - l27| . 

In this paper, we adopt the strategy to utilize the 
field renormalization constant for the definition of the 
compositeness. First, following Ref. 22|, we evaluate 
the field renormalization constant Z as the overlap of 
the bare state in the free Hamiltonian with the physical 
bound state in the nonrclativistic quantum mechanics. 
In addition to the universal relation in the weak bind- 
ing limit (22I ] , we also derive the expression in exact form 
in terms of the scattering amplitude^ Second, following 
Ref. [23[, we define the field renormalization constant Z 
as the residue of the full propagator of the bound state 
in the Yukawa theory. This approach enables us to ana- 
lyze the energy- dependent interaction. It should be noted 
that we discuss the compositeness of the bound states in 
the two-hadron scatterings, regarding the stable hadrons 
in the scattering states as elementary particles, in the 
sense that they form the asymptotic states in the nonper- 
turbativc QCD vacuum. We do not consider the internal 
structure of the hadrons in the asymptotic state. 

We apply the notion of compositeness to the bound 
states in a chiral unitary approach [2914331]. In this 
model, baryon resonances are described in the multi- 
ple scattering of the meson-baryon system whose inter- 
action is given by the chiral low-energy theorem. Al- 
though the generated resonance is expected to be a 
composite of a meson-baryon system, as pointed out in 
Ref. [34I, th e Castillejo-Dalitz-Dyson (CDD) pole contri- 
butions [35L |3B| can be hidden in the cutoff parameter in 
the renormalization procedure. To avoid this ambiguity, 
the natural renormalization scheme has been proposed, 
in which the subtraction constant is chosen to exclude 
the CDD pole contribution from the loop function. To 
connect the argument of the compositeness to the natu- 
ral renormalization scheme, we discuss the properties of 
the amplitude in the chiral unitary approach in detail. 

This paper is organized as follows. In Sec. HH we first 
analyze the properties of the pole singularities in the chi- 
ral unitary approach, using a single-channel model. We 
examine the energy-dependent chiral interaction and its 
energy-independent counterpart and discuss the proper- 
ties of the generated states in detail. Next, in Sec. IIIIl we 
define the compositeness of the bound state using field 
renormalization constant Z in a general framework of 
field theories. We consider both nonrelativistic and rela- 
tivistic approaches, and examine the limit of small bind- 
ing. The numerical analysis of the compositeness of the 
bound state in the chiral unitary approach is presented 
in Sec. HVl 



II. CHIRAL UNITARY APPROACH 

The meson-baryon scattering and baryon resonances 
have been well described by the chiral unitary approach, 
where the chiral low-energy theorem is combined with 
the unitarity condition of the scattering amplitude [29i — 
HH • A detailed formulation of the chiral unitary approach 
can be found in Ref. |33| . In this section we construct 
the single- channel version of the chiral unitary approach 
along the same line with Ref. [34| and study the proper- 
ties of the generated states in the amplitude. It is our 
aim to establish a tractable model which will be used to 
examine the argument of the compositeness in Sec. IIIIl 
While we adopt the meson-baryon scattering as an exam- 
ple, the scattering of the Nambu-Goldstone (NG) boson 
with a heavy meson can be described in the same formu- 
lation (see Appendix C in Ref. H?})- The framework of 
the scattering of the NG bosons are the essentially the 
same, thanks to the chiral low energy theorem. 



A. Construction of the scattering amplitude 

We consider a single-channel s-wave scattering of a 
baryon with mass M and a NG boson with mass m. The 
chiral low energy theorem [H, HsJ dictates the leading in- 
teraction proportional to the boson energy to ~W — M 
in the following form: 



V (WT) (W) =C(W-M), 



(1) 



where C is a real-valued coupling constant with mass 
dimension minus two and W is the total center-of-mass 
energy0 Although the coupling constant is determined 
by the flavor content of the scattering system, here we 
simply regard it as a parameter of the model. The en- 
ergy dependence of the interaction is a consequence of the 
low energy theorem (40| . To appreciate the significance 
of the energy dependence, we also consider an energy- 
independent constant interaction whose strength is nor- 
malized to the threshold value of the WT interaction: 



v (co„ s t) = Cm = y{wr)(w = m + m). 



(2) 



This interaction generates the same amplitude as the WT 
interaction only at the threshold, and the deviation be- 
comes large in the energy region far from the threshold. 
In relation with the pole structure of the A(1405) reso- 
nance H2| , the energy dependence of the chiral inter- 
action has been recently studied [43|, Q ■ 

The scattering amplitude can be obtained by solving 
the Bcthe-Salpetcr equation 



T(W) = V(W) + V(W)G(W)T(W), 



(3) 



2 We may recover the usual WT interaction in the chiral unitary 
1 A preliminary discussion on this issue has been given in a con- approach by replacing C — > — C 9 /(2/ 2 ) with the pion decay con- 

ference proceedings |2SH - stant / and the group theoretical factor C g . 
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with V(W) being V {WT \W) or V (c ° nst \ The loop func- 
tion G(W) is given by 



G(W) = i 



d 4 q 



2M 



(2tt) 4 (P - q) 2 - AP + ie q 2 - m 2 + ie' 



(4) 



where P = (W, 0). This integral diverges logarithmically. 
With the dimensional rcgularization, we obtain 

„ n „ . 2M ( m 2 — M 2 + W 2 m 2 
G(W; a) = Ii - F \a + — 2 In ^ 

+ ^p{ln[VF 2 - (M 2 - to 2 ) + 2Wq(W)] 

+ \n[W 2 + (M 2 - m 2 ) + 2Wq(W)] 

- ln[-W 2 + (Al 2 - to 2 ) + 2Wq(W)} 

- \n[-W 2 - (M 2 - to 2 ) + 2Wg(W)]}^ , 

(5) 

where a is the subtraction constant at the subtraction 
point fi s = M, which plays a role of the cutoff parameter 
of the loop function. The three-momentum variable is 
defined as 



_ y/[W*- (M - m) 2 ] [W 2 - (M + m) 2 ] 
2W ' 

G(W\ a) is an analytic function of W in the whole com- 
plex plane, except for on the real axis above the threshold 
where it has a branch cut. In conventional approaches, 
the subtraction constant has been used to fit the exper- 
imental data. In Ref. [Hj], on the other hand, the nat- 
ural value of the subtraction constant a natU rai was intro- 
duced by the theoretical argument to exclude the CDD 
pole contribution from the loop function. We discuss the 
influence of the subtraction constants to the scattering 
amplitude. A solution of Eq. (J3j> is given by 



T{W) 



1 



1 - V(W)G(W;a 



■V(W), 



(7) 



with the help of the on-shell factorization [30, |45| . The 
same form of the amplitude can also be obtaine d by 
the N/D method with the N = 1 prescription [3l| . 
For the energy- independent interaction (|2|), no factor- 
ization is needed so that both the N = 1 prescription 
and the N = V prescription in the N/D method pro- 
vide the equivalent amplitude ([7]). Note that Eq. (J7J is 
obtained by neglecting the unphysical (left-hand and cir- 
cular) cuts, although the unitarity cut is properly taken 
into account. Thus, this framework should not be applied 
to the system with a deeply bound state, which might be 
influenced by the unphysical cuts. 

If the interaction is sufficiently attractive, bound states 
and resonances can be dynamically generated. A bound 
state appears as a pole of the full amplitude T(W) on the 



real axis in the first Ricmann sheet below the threshold, 
while a resonance is represented by a pole in the second 
Riemann sheet of the complex energy plane above the 
threshold. A pole on the second Riemann sheet below 
the threshold is called a virtual state, which is a peculiar 
phenomenon in the s-wave scattering. The amplitude in 
the second Riemann sheet is given by 



T H (W) = 



1 



1 - V(W)G n (W;a 
2Mq(W) 



V(W), 



G H (W;a) =G{W;a)+i 



47rW 



(8) 
(9) 



Note that below the threshold W < M + to, q(W) is 
purely imaginary. Therefore, on the real axis below the 
threshold, the loop function is real in both the first and 
the second Riemann sheets. For later reference, we point 
out that G(W; a) \G II (W; a)] is monotonically decreasing 
(increasing) function of W below the threshold. 

Because the interactions in Eqs. (TTJ) and ([2]) have no 
singularity in the complex energy plane except for \ W\ — > 
oo, we deduce the condition for the pole of the amplitude 
as 

{1 — V(zr)G(zr; a) = (bound state), 
1 — V(z r )Gjj(z r ; a) = (virtual state/resonance), 

(10) 

where zr is the energy of the bound state, virtual state, 
or resonance. The pole position of zr should be on the 
real axis in the first Ricmann sheet, while zr can be 
complex in the second Riemann sheet. Around the pole 
at W = zr we can formally expand the amplitude in the 
Laurent series as 



T(W) 
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W-ZR 



J2T (n HW-z R ) n , (11) 



with constant coefficients T^ n \ The first term can be 
interpreted as the propagator of a particle with mass zr, 
which couples to the scattering states through the cou- 
pling constant g. Hence, we identify the residue of the 
pole in the amplitude T(W) as the energy-independent 
coupling strength g 2 . 



B. Bound state with constant interaction 

Let us first consider the case when the system develops 
a bound state with energy- independent interaction ([2"]l. 
The amplitude has a pole on the real axis in the first 
Riemann sheet: zr = Mb, Im Mr = 0, and M < Mr < 
AI + iTi where Mr = M is the lower limit of the mass of 
the bound state; otherwise, the system becomes unstable. 
The pole condition (fTOj) leads to 



1 - CmG(M B -a) = 0. 
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With this relation, we can determine the value of C such 
that a bound state is generated at W — Mb with the 
subtraction constant a as 

C{M B] a) = —±- -. (12) 

mG(M B ; a) 

Here we have indicated that C can be also regarded as a 
function of Mb and a, when the bound state is generated. 
The loop function G is real below the threshold, so it is 
consistent with the real-valued coupling strength C . If 
Mb were complex, then the loop function G(Mb) would 
be complex and no solution would be found for Eq. (TT21 . 
This means that there is no pole in the first Riemann 
sheet except for on the real axis, in accordance with the 
causality. 

Note that Eq. ([12")) is the relation among C, Mb, and 
a. In general, the parameters in this model are the 
strength of the interaction C and the subtraction con- 
stant a. When there is a bound state, the system can 
also be characterized by the mass of the bound state Mb 
and a, with the help of the relation (|T2|) . Using Eq. (fTTT) . 
we can calculate the coupling constant g from the residue 
of the amplitude T as [46[ 

[g(M B )} 2 = lim (W - M B )T(W) 



: lim (W ■ 

W-¥M B 
1 



dG{W-a) 
dW 



1 



W=M E 



G'(Mb) 



(13) 



Below the threshold, G(W\ a) is real and monotonically 
decreasing function of W [3J], so we have G'(M B ) < 0. 
This indicates that the coupling square is always real and 
positive: 

[g{M B )\ 2 >o, 

which leads to the real- valued coupling constant. The 
equality holds for M B = M + m where G'(Mb) —> — oo. 
Note also that the dependence on the subtraction con- 
stant a vanishes after taking the derivative in Eq. (fT3"|) . 
because the subtraction constant does not depend on the 
cncrgylfl Namely, the coupling of the bound state to the 
scattering state g is unambiguously determined by the 
mass of the bound state Mb and independent of the sub- 
traction constant a. Therefore, through the relation (TT2l . 
we can freely change the subtraction constant a and the 
coupling strength C, without altering the property of the 
bound state. In fact, this is one of the consequences of 
the invariance of the amplitude T(W) under the trans- 
formation 



>a - Ac 



2M 
(4^)2 



(14) 



Because the whole amplitude T(W) is invariant, the 
property of the bound state remains unchanged. 



C. Bound state with WT interaction 

Next we deal with the energy-dependent WT interac- 
tion ([I]) . The condition for the bound state (fT0|) becomes 



1 - C(M B - M)G(M B ;a) = 0. 



(15) 



The coupling strength g can also be calculated from the 
residue of the pole as 



[g(M B ;a)} 2 



■ lim (W-M B )T(W) 

W— >Mb 

1 



G'(Mb) 



G(M B ;a) 
Mb-M 



(16) 



In this case, the coupling constant depends on the sub- 
traction constant a, in contrast to Eq. (|13[) . This is 
closely related to the energy dependence of the interac- 
tion, because Eq. (|16p is obtained by differentiating both 
the numerator and the denominator, and the energy de- 
pendence of the interaction leaves the G(Mb', a) term in 
the final expression. Note also that if G(M B ;a) = 0, 
the result coincides with that of the energy-independent 
interaction (|13[) . which, however, means C — > — oo be- 
cause of the bound state condition ([T5|) . This limit will 
be important in the discussion of the compositeness. 

As before, the condition ([T5|) relates C, Mb, and a, 
so we can characterize the system by (Mb, a) instead of 
(C,a), keeping the mass of the bound state unchanged. 
In this case, the interaction strength C such that the 
bound state appears at Mb is calculated as 

w^ w.-wwr (17) 

The state with zero binding energy corresponds to the 
upper limit for the mass of the bound state Mb = M+m, 
which is called zero energy resonance [47J. The coupling 
strength for such state, together with the natural value 
of the subtraction constant (3~H (the natural subtraction 
constant a na t U rai is also explained in App endix [B]) . is the 
critical coupling introduced in Refs. j37l l48j: 



Ccrit = C(M + m; a natura i) 



1 



mG(M + m; a na turai) 



which is the smallest coupling strength to generate a 
bound state. 

As discussed in Rcf. 



34j , the variation of the subtrac- 



tion constant can be absorbed by the introduction of a 
pole term in the interaction kernel, keeping the amplitude 
T(W) invariant: 



3 In the present framework, we perform the single subtraction 
to tame the divergence in Eq. J5]l. We can introduce further 
subtractions, which results in the energy-dependent subtraction 
terms. In this case, the coupling constant depends on the sub- 
traction constants. We consider the case with the general inter- 
action and the general subtraction terms in Appendix [B] 



V(W) ->■ V{W) =C(W - M) - C§^r — (18) 



M e ff = M ■ 



[w~M cS y 

(47T) 2 



2MCAa 



(19) 
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Equation (|T8|) shows that the existence of a pole akW = 
M e ff in the interaction kernel ViW). The residue of this 
pole is calculated as 



lim (W 



M eS )V(W) 



AM 2 C(AaY 



(20) 



Both the mass and the residue are determined by Aa. 
This means that it is not possible to introduce an arbi- 
trary pole term by the variation of the subtraction con- 
stant; the mass and the coupling of the pole term are 
related to each other through Eqs. (fT9| and (|20]l. 

This pole term cannot be absorbed by simple shift 
of the coupling strength of the interaction kernel as in 
Eq. (|T4|) . Actually, Eq. (fT8|) can be written in the similar 
form to Eq. (JT3J) as 



Aa, C 



2M 
(4^)2 



Aa{W - M) 



(21) 



This is the transformation which leaves the amplitude 
T(W) invariant for the WT interaction. In the case of the 
energy-independent interaction, the change of the sub- 
traction constant can be compensated by the simple shift 
of the coupling strength C [Eq. (fll])]. and the coupling 
constant of the bound state to the scattering state g is 
independent of the subtraction constant [Eq. (fT"3)) ]. In 
contrast, for the WT interaction, the change of the sub- 
traction constant causes the energy-dependent transfor- 
mation [Eq. (|21[) ] and the coupling constant g depends on 
the subtraction constant [Eq. ([16]) ] . These are the impor- 
tant consequences of the energy dependence of the WT 
interaction. As we see below, this difference is crucial to 
the structure of the bound state. 

Let us consider the properties of the coupling square in 
Eq. (|16[) which must be real and positive to obtain a real- 
valued coupling constant. Because the mass of the bound 
state should be larger than the mass of the constituent, 
we have a condition 

M B - M >0. 

It follows from Eq. (JTTJ) that G(M B ;a) < for an at- 
tractive interaction C < (equality holds for C -co). 
Therefore, G(M B ;a)/(M B - M) < and we also have 
G'(M B ) < 0. Thus, from Eq. $T§\), for the bound state 
generated by the attractive WT interaction, we find that 
the coupling square is always real and positive: 

[g{M B -a)\ 2 >0. 

Equality holds for M B = M + m, where G'{M B ) — > — oo 
and a dependence of the coupling constant vanishes in 
this limit. 



D. Virtual states and resonances 

Finally, we consider the case with the pole on the com- 
plex energy plane at W = zr in the second Riemann 



sheet. If the real part of the pole is higher (lower) than 
the threshold, the state is a resonance (virtual state). 

For the energy-independent interaction, the pole con- 
dition (fTUf becomes 

G H {z R -a) =-^—- 

The right-hand side is real, while the left-hand side is, in 
general, complex. Therefore, at the pole position W = 
zr the imaginary part of the loop function should vanish: 



Im [G H (z R ;a)} =0. 



(22) 



Because the subtraction constant a is real and additively 
included in the loop function Gu(zr; a), this condition is 
independent of a and is the necessary condition for zr to 
be the pole position. We first consider the virtual state 
on the real axis, zr = My, Im My = 0, and M < My < 
M + m. Below the threshold My < M + m, there is 
no discontinuity, so the imaginary part of the Gu(My) 
function vanishes and the condition ([22]) is satisfied. This 
means that a virtual state can be produced on the real 
axis for a weakly attractive interaction. 

Resonances are associated with the pole zr with a fi- 
nite imaginary part. As shown in Appendix [Cl the pole 
trajectory is continuous in the complex energy plane as 
the coupling strength C is varied with a fixed the subtrac- 
tion constant a. Thus, the resonance solution should be 
connected to the virtual state solution on the real axis at 
some energy. To have a resonance at Zr with Im zr =/= 0, 
Eq. ([22]) should be satisfied in the vicinity of the real 
axis in the region M < Re zr < M + m. This can be im- 
plemented if the derivative of the imaginary part in the 
imaginary direction is zero. However, Cauchy-Ricmann's 
theorem leads to 







<9(Im Zr) 



Im Gn{z R ;a) 



Im sr-0 



dGu(Re zr; a) 
d(Rc Zr) 



>0, 



for M < Re zr < M + m. Thus, the existence of the 
branch of the pole trajectory to the resonance solution 
is not allowed. This means that the pole with a finite 
imaginary part cannot appear for the energy-independent 
interaction. This is consistent with the interpretation in 
the nonrelativistic potential model; simple attractive s- 
wave potential has no centrifugal barrier and thus does 
not produce a resonance state. 

The residue g 2 can be obtained by the derivative of the 
loop function 



[ 9 {My)f = - 



1 



G' n (My) 



For the virtual state on the real axis Im My = 0, the 
derivative of the loop function on the second Riemann 
sheet is positive. Therefore, the coupling square is neg- 
ative. Because the pole singularities in the second Rie- 
mann sheet are interpreted as Gamow states, the cou- 
pling constant becomes pure imaginary. As in the case 
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of the bound state with the constant interaction, the de- 
pendence of the subtraction constant is lost by taking the 
derivative. 

For the WT interaction, the bound-state condition is 



1 - C(z R - M)G n (z R - a) = 0. 



(23) 



Again, G is a real number, so the equation to be satisfied 
at Zr is 



Im [{z R -M)Gu{z R ;a)] =0. 



(24) 



In the same way as in the energy-independent interaction, 
this condition is satisfied on the real axis zr = My, so 
the virtual state can be formed on the real axis. As for 
the resonance, in the present case, 



d 



<9(Im z R ) 
d 



Im [(zr - M)G n (zR-a)} 

Im Zr— 

[(Re ZR-M)G n (Re z R ;a)] 



d(Re zr) 

=G„(Rc z R ; a) + (Re z R - M)G' n (Re z R ). (25) 

This can be zero for M < Re zr < M + to, 
if the subtraction constant is properly chosen, be- 
cause G//(Re ZR\a) < from Eq. (f2"3"j) and (Re zr — 
7\/)Gj 7 (Rc zr) > 0. Namely, for the energy-dependent 
interaction, the pole can have the imaginary part and 
eventually an s-wave resonance can be produced. Sev- 
eral examples of the s-wave single-channel resonance 
can be found in hadron physics, such as the a meson 
in the tttt scattering [l3| and the lower energy pole of 

A(i405) msni- 

The condition (|24p determines the relation between 
Re [z R ] and Im [zr], which depends on the subtraction 
constant. Namely, for a given a, the pole trajectory is 
specified in the complex energy plane as a function of C 
(for illustration, we show the trajectory of the pole po- 
sition in Appendix [Cjl . The position of the pole is then 
determined by the coupling strength G and vice versa. 

The residue of the pole is 



[g{zR;a)}' 



G' u {z R ) + 



Gii(z R -a) 
z R -M 



(26) 



For a virtual state (Im zr : = 0), the coupling square is 
given by the real number. On the real axis, Gjj(zr) and 
z R — M are positive, but the sign of the Gh{zr]o) de- 
pends on the value of the subtraction constant. Thus, 
the sign of the coupling square depends on the subtrac- 
tion constant and is determined by the balance of the 
first term and the second term in the denominator of 
Eq. (f2l)|) . Because G' ii (zr) diverges at the threshold, the 
coupling square is negative for the virtual state close to 
the threshold. For a resonance (Im z R ^ 0), the coupling 
constant is complex because of G77, G' ll and (zr — M) 
which are complex in the complex energy plane. 



III. FIELD RENORMALIZATION CONSTANT 
AND COMPOSITENESS 

In this section, we define the compositeness of the 
bound state in the scattering amplitude in the nonrel- 
ativistic quantum mechanics [22[ and in the relativistic 
field theory [23|. For this purpose, we describe the scat- 
tering system with one bound state by the field theory 
whose free spectrum contains one bare state and two- 
body scattering states. We define the field renormaliza- 
tion constant Z as the overlap of the physical bound state 
and the bare state, which characterizes the elementarity 
of the bound state. Expressing the constant Z in terms 
of physical quantities, we obtain a master formula of the 
compositeness. With this master formula, we can discuss 
the compositeness of bound states, either those observed 
in experiments or those obtained in a theory such as the 
chiral unitary approach. To be specific, we consider the 
s-wave scattering of a baryon ip{J P = l/2 + ) and a me- 
son </>(0 _ ) in which a bound state B(l/2~) appears. It 
is easy to derive similar expressions of the compositeness 
for other scattering systems with an s-wave bound state 
(see Appendix [E]and Ref. Q). 



A. Compositeness in nonrelativistic quantum 
mechanics 

Let us first consider the two-body scattering system 
with one bound state in a nonrelativistic quantum me- 
chanics. The Hamiltonian of the system H is decomposed 
into the free Hamiltonian Ho and the interaction V: 

H = H a + V. 

We assume that the eigenstates of the free Hamiltonian 
Hq are given by the continuum states labeled by the 
relative momentum | q ) and an elementary stat^f] | £?o ) 
which is orthogonal to | q ) . V stands for the interaction 
among scattering states, as well as the coupling of the 
scattering state to the elementary state. | Bq ) is elemen- 
tary in the sense that it is an eigenstate of the Hamilto- 
nian Hq and the origin of | Bq ) should be attributed to 
dynamics other than the interaction 1/0 The eigenener- 
gies are given by 

H \q)=E(q)\q) H \ B ) = -B \ B ), 



4 In general, we may have several bound states as well as multiple 
scattering channels (see Appendix |Pt . 

5 One may regard | Bo ) as a bound state formed by another Hamil- 
tonian H'. Using the Feshba ch proj ection formalism with single 
bound state approximation l49l 1 5dH , we can set up this situa- 
tion. Thus, strictly speaking, | Bo ) is not always an elementary 
component; it should be considered as a CDD pole contribution 
which does not originate in the present model space of the scat- 
tering. In this paper, however, we use the word "elementary" for 
simplicity. 
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where E(q) = q 2 /(2fi) with /x being the reduced mass of 
the system. | q ) and | B ) are orthogonal and form the 
complete set: 

(q\q')=S(q'-q), (B \B Q ) = 1, 
(B o \q)=0, 

1 = \B )(B \ + J dq\q)(q\. (27) 

We consider that the Hilbert space of the full Hamilto- 
nian also contains one bound state | B ) with the binding 
energy defined as B > 0. Namely, | B) is the eigenstatc 
of the full Hamiltonian 

H\B) = (H + V)\B) = -B\B), (28) 

where | B ) is normalized and orthogonal to the scattering 
states | q, full ) as 

( q, full | q', full) =S(q'-q), (B\B) = 1, 
(B|g,fuU)=0, 



and they form the complete set as 



1 = 



B)(B\+ J dg| g, full )<g, full | 



(29) 



We note that the interaction V should be energy indepen- 
dent, to ensure the orthogonality and the completeness 
of the Hilbert space of the full Hamiltonian. 

We then define the field renormalization constant Znr 
as the probability of finding the bound state B in the bare 
state Bq: 

Z NR =\(B \B)\ 2 . 

This expresses the elementarity of the bound state | B ) . 
It is clear from the completeness (|27|) that < Znr < 1. 
If | B ) is a purely composite (elementary) particle, we 
obtain Znr = (Znr = 1). Therefore, 1 — Znr serves 
as the quantitative measure of the "compositeness" of the 
particle, which is given by 



1 - Z 



NR 



dq\(q\B) 



Multiplying ( q | to Eq. (|28p from the left, we obtain 



1 - Z NR = dq 



, \(q\v\B)\ 

[E(q)+B] 



Here the matrix element expresses the coupling strength 
of the bound state to the scattering state with momen- 
tum q. For an s-wave bound state, the coupling is in- 
dependent of the angular variables and is a function of 
the energy. Then we can write ( q \V\ B ) = Gw(E), and 
obtain the energy integration form 



1 - Z NR = 4-7TA 



dE 



E\G w (E)f 
(E + B) 2 



(30) 



This is an exact expression of the compositeness 1 — Znr. 

Next we consider to express the integrand of this equa- 
tion by the scattering amplitude. The formal solution of 
the Lippmann-Schwinger equation is written as 



T(E) = V + V 



1 



E-H 



V. 



Inserting the complete set of the full Hamiltonian (f2"9")) 
and taking the matrix element by the initial and final 
scatterin g st ates with energy E, we obtain the Low's 
equation |22| . 



t(E) 




dE'- 



where v (t) is the matrix element of the interaction 
Hamiltonian V (T operator) by the scattering states and 
we have used V\q, full) = T\q). The second term of 
this equation, which comes from the operator {E — if) -1 
acting on the bound state discrete level, is a part of the 
integrand of Eq. (|3U|) . Therefore, we can express the 
compositeness using the scattering amplitude as p8j 




t(E) - v 
E + B \ ' 

, VE>\t{E')\ 2 
E — E' + ie 



(31) 



It is important to note that the scattering amplitude t(E) 
is, in general, complex, but the imaginary part of Eq. (|3"Tj) 
vanishes thanks to the optical theorem: 



Im t(E) = - ±2tt • Airy%^\/E\t(E)\' 
= -4ir 2 nq(E)\t(E)\ 2 , 



(32) 



where q(E) = \J2jiE is the momentum. Therefore, the 
imaginary part vanishes in the bracket in Eq. pip , and 
the overlap Znr is obtained as a real number. More 
explicitly, we can write 



1 — Znr =4^^/2(1 



Re t(E) - v 




POO 

Airy^V / dE 



where V stands for the principal value integration. 

Now we take the limit B — > 0. For small B, the bracket 
in Eq. (|31j) is dominated by the bound state pole term in 
the T matrix, 



Integrand in Eq. (f3"Tj) 
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E+B \E+B 

gw =Gw(E=-B), 



O(B ) , 
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v E 

1 - Z NR «47iV 2pi 3 9^- J dE ^ E V +B y 



because this is the only term with 0(B *) for small E. 
Then the E integration can be done analytically: 



(33) 



This is the result of Ref. [22| which connects the com- 
positeness of the bound state with the coupling constant 
gw and the binding energy B. Since Znr > 0, the upper 
limit of the coupling strength can be obtained as 




The equality corresponds to Znr = 0, namely, the purely 
composite particle. Note that the upper limit decreases 
as we decrease the binding energy B and vanishes in the 
weak binding limit B — > 0. 

It is important to note that in the expression (|33[) . the 
explicit dependence on the interaction V is lost when 
B — > 0, and all the information of the interaction is rep- 
resented by the coupling constant of the bound state gw- 
In this sense, the result is universal and does not depend 
on the particular choice of the interaction V. In contrast, 
the exact formula (|3 1 1) can be applied to the bound state 
with arbitrary binding energy. However, the result de- 
pends on the matrix element v and, hence, on the choice 
of the interaction Hamiltonian V. 

From the expression of Eq. (f30|). we notice that the 
exact result of the compositeness can be calculated with 
the knowledge of the energy dependence of the coupling 
strength Gw(E) = ( q \ V\ B). In principle, Gw(E) rep- 
resents the coupling strength of the bound state to the 
scattering state above the threshold, so it is an off-shell 
quantity. The coupling "constant" gw can be regarded 
as the leading term in the expansion of Gw{E) around 
E = —B. In the present discussion, we assume that 
the binding energy B and the coupling constant gw are 
known quantities. In this case, the approximation of 
1 — Z with only known quantities should be in the form 
of Eq. (|33|) and any further contribution should depend 
on the choice of the interaction V because it is related 
with the off-shell quantity Gw (E) . To extend the model- 
independent formula (|33[) , we need to measure the higher- 
order coefficients of the expansion of Gw (E) experimen- 
tally. 



B. Compositeness in relativistic field theory 



of another baryon Bo (1/2 ) as 

Co =4(i$ - M)i> + 

+ BoW - M Bo )B . 



m 2 <p 2 ) 



(34) 



We consider the bound state of ip and </>, which couples 
with the bare state Bq. Setting /i = Mm/{M + m), we 
obtain the system corresponding to that described by the 
Hamiltonian Hq in the previous section. The interaction 
Lagrangian, which corresponds to V in the previous sec- 
tion, is introduced scalar-type Yukawa form, 



Ant = 9oip4>B + (H.c), 



(35) 



where go is the bare coupling constant. We then consider 
that the spectrum of the full theory has a bound state 
with mass Mb which is related to the binding energy as 
Mb = M + m — B, The definition of the field rcnormal- 
ization constant, which we denote Z, is the residue of the 
full Green's function at W — Mb, namely, 



A(W) 



Z 



W - M B 



(36) 



For later convenience in the application to the chiral uni- 
tary approach, we adopt the positive energy part of the 
fermion propagator. 

Let us calculate this Z constant with the Lagrangian 
given in Eqs. (|3~4"]) and (|55|) . The free Green's function 
for Bq is given by 



A (W) 



1 



W - M Bo 



The full Green's function A(W) is expressed in terms of 
Ao(W) by the Dyson equation: 

A(W) = A Q (W) + A (W)goG(W)g A(W), 

with the unrenormalizcd two-body loop function of ijj and 
(j), G(W). The solution of this equation is 



A(W) 



1 



[&o(W)]- 1 - g*G(W) 
1 

W - M Bo - g 2 G(W) ■ 



The divergence of the loop function G(W) is canceled 
by the infinite bare mass Mb - Using the renormalizcd 
loop function G(W; a) with the parameter a which char- 
acterizes the finite part, the full Green's function is given 
by 



A{W) 



1 



W-g 2 G(W ]a )- 



(37) 



The renormalization condition can be obtained by re- 
quiring the bound state pole at W = M^H Equating 



In this section, we define the compositeness following 
the method in Ref. ['_':! . To define the field renormaliza- 
tion constant, we consider the field theory with a baryon 
field ip{J p = l/2 + ), a meson field 0(0"), and a bare field 



This procedure is in principle scale dependent. In the present 
formulation, the renormalization scale is implicitly set at the 
baryon mass, fi s = M. 
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Eq. ([37)1 with Eq. (|36j) . we obtain the condition 
M B = glG{M B ;a). 

The field renormalization constant Z can be calculated 

as 



Z = lim 



W -M B 



wTm b W - g$G(W; a) 
1 



1 - g 2 G'{M B 



(38) 



The meson-baryon scattering amplitude is given by 
T(W) = goA(W)go, so the residue of the amplitude at 
W = M B is 

lim (W - M B )T(W) = gtZ. 

The residue of the bound-state pole is the physical cou- 
pling constant squared, so we obtain the relation 

2 2 ry 

9 =9o z 



Using this relation and Eq. (|38[) , we finally write the com- 
positeness 1 — Z as 



1 - Z 



g G (Me 



(39) 



Note that the right-hand side is expressed only by the 
physical (renormalizcd) quantities, and no approxima- 
tion has been applied to the evaluation of the mass of 
the bound state. Thus, this is an exact expression of the 
compositeness of the bound state in the relativistic field 
theory with the interaction Lagrangian (|35|1 , which is ex- 
pressed in terms of the coupling strength g of the physical 
bound state to the scattering state and the derivative of 
the loop function at the energy of the bound state. The 
expression for the scalar meson bound state in the meson- 
meson scattering is derived in Appendix [E] It should be 
noted that the definition of the compositeness (|39|) de- 
pends on the adopted interaction Lagrangian £i n t. With 
a different interaction, the function form of Eq. (|39[) will 
be modified accordingly, and, hence, the resulting expres- 
sion for 1 — Z will be changed. 

The possible region of the bound state mass is M < 
Mb < M + m, where G'(Mb) is real and negative, and 
the coupling square is always positive for the physical 
bound state. Therefore, we find that the compositeness 
is always positive, 



1-Z>0. 



(40) 



In other words, the field renormalization constant is 
smaller than unity. 

The field renromalization constant is well defined for 
resonances. Using the same argument, we find 



l-Z = -g 2 G' II (z R ), 



(41) 



where g 2 is the residue of the pole in the complex energy 
plane of the scattering amplitude. This is a natural ex- 
tension of Eq. (|3T)|) . However, it is not straightforward 



to interpret Eq. (|41l) as the compositeness, because the 
condition (|40|) is not always guaranteed and 1 — Z may 
become a complex number. Nevertheless, Eq. (|41j) may 
be applied to a narrow width resonance, because it coin- 
cide with Eq. (|39|) in the zero width limit. 



IV. 



COMPOSITENESS OF DYNAMICALLY 
GENERATED STATES 



A. Application to chiral unitary approach 

Here we analyze the compositeness of the bound state 
in a specific model described in section |TTJ In the present 
section, we have derived three definitions of the compos- 
iteness: 

(i) expression in nonrelativistic formalism, Eq. (|3ip ; 



(ii) formula for small B, Eq. (|33|) : 

(iii) expression in relativistic formalism, Eq. (|39l) . 

For the application to the chiral unitary approach with 
the energy-dependent interaction, it is fully legitimate 
to use Eq. (|39|) . In the nonrelativistic formalism, we 
should choose the framework which can deal with the 
energy-dependent interaction. In this respect, the exact 
result Eq. (|3ip cannot be used because the completeness 
relation (|29|) is not always valid. However, the model- 
independent result for small B (|33[) may be appropriate 
because it can be derived without using the complete- 
ness of the full Hamiltonian [23]. Thus, in the follow- 
ing, we examine the expression of the compositeness in 
the relativistic field theory in Eq. (f3"9")l and the model- 
independent result for small binding energy, Eq. (j33|) . 

Substituting Eqs. (fT3| and (fT6| into the exact result 
in the field theory (|39p . we obtain 



1 



1 - Z = 



1 



G(M B ;a) 
(M B -M)G'(M B ) 



constant interaction, 
WT interaction. 



(42) 



It is striking that the constant interaction always pro- 
duces a purely composite bound state. This corresponds 
to the equivalence of the four-Fermi theory and Yukawa 
theory found in Ref. [23|. On the other hand, the com- 
positeness of the bound state generated by the WT inter- 
action depends on the subtraction constant. This result 
agrees with the fact of the appearance of the pole term 
in the effective interaction for the WT interaction (|18j). 
which introduces the source of the elementarity. For a 
general interaction V, using Eq. (|D2|) . we obtain 



l-Z =- 



1 



1 - 



V{M t 



;)G(Mb) 
)G'(M b ) 



(43) 
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where V'(M B ) = dV(W)/dW\ w= M B - In this expres- 
sion, G and V are determined under a fixed renormaliza- 
tion scheme. It is easy to see that Eq. (|42|) follows from 
the general expression (|4"3")) with the interaction kernel ([T]) 
and (|5J) in the phcnomenological renormalization scheme. 
In addition, the energy dependence of the interaction ker- 
nel is related to the deviation of the compositeness from 
unity. 

Let us recall the definition of the bound state that 
Mb — M > and the behavior of the loop function be- 
low the threshold indicates G'(M B ) < 0. Relation (|T7|) 
implies G(Mb;ci) < 0, so altogether we obtain 



G(M B ;a) 



(M B - M)G'(Mb) 



and, hence, with Eq. 
obtain 



>0, 



401) . for the WT interaction, we 



< 1-Z < 1. 

This result indicates that the compositeness defined in 
Eq. (|42j) is normalized within the range from zero to one. 
This is a very useful aspect to discuss the structure of 
the bound state in a quantitative manner. 

For the WT interaction, a purely composite bound 
state (Z = 0) is achieved when 



G'{M B ) = -oo or G(M B ;a) = 0. 



(44) 



Because the derivative of the loop function diverges at 
threshold, the first condition can be met if the bound 
state is produced exactly at the threshold, irrespective of 
the value of the subtraction constant. For Mb ^ M + m, 
a purely composite bound state would be produced only if 
G(Mb; a) is zero, which indicates C —> — oo by Eq. (fT7|) . 
Thus, to realize Z — 0, we should have 



Me 



M + m or C 



(45) 



Note that the condition (|45|) is only satisfied in the limit- 
ing cases so it implies that the physical bound state (finite 
binding energy and finite interaction strength) cannot be 
purely composite for the WT interaction. It is instruc- 
tive to recall that the natural renormalization condition 
developed in Ref. [HI requires G(M; a natura i) = 0. In- 
terestingly, this condition was introduced to realize the 
hadronic molecule state in the amplitude, and agrees with 
Eq. (|44|) in the chiral limit (to — > 0). In the next section 
we numerically study the compositeness of the bound 
state generated in the natural renormalization scheme. 

Next we consider the small binding limit. Taking into 
account the convention of the scattering amplitude as 
summarized in Appendix \Kl we write the coupling con- 
stant gw in Eq. (|33p in terms of the coupling strength in 
the chiral unitary approach as 



9w 



M 



q(M B ) 2 



Note that both the momentum factors q(—B) and q(M B ) 
are pure imaginary. Substituting this expression into 
Eq. (l33]l. we obtain [H] 



_ M\\V 2 (M B ,M^ m 2)\ a 
NR l67rM B (M + m-M B ) 9 ' 



(46) 



for B — > 0. This form, in comparison with the relativistic 
result (|3U)) . leads to the relation 



1 



-167rM|(M + to - M B )G'{M B ) 
M|A 1 /2(M2,M 2 ,m 2 )| 
A(M B )(l - Z NR ) 



(1 - Z NR ) 
(47) 



for the small binding energy. Note that the factor A(Mb) 
depends only on the mass of the bound state. In the small 
binding limit, the definition of the field renormalization 
constant Z should be consistent with that of Znr, so we 
expect 

lim A(M B ) = 1. 

M B ->M+m 

We will check the validity of this relation in the numerical 
calculation. 

Finally we briefly mention the compositeness for vir- 
tual states and resonances. The present formulation in 
the nonrclativistic quantum mechanics is not directly ap- 
plicable to resonances which are not included in the com- 
plete set in Eq. (g7]) and in Eq. ([2U1) H However, the 
residue of the resonance propagator can be evaluated 
without trouble in the relativistic field theory. This pro- 
vides a natural extension of the compositeness of bound 
states to virtual states and resonances. Equation (|4"Tj) 
leads to 



1 



1 - Z 



1 



Gn(z R ;a) 
G' u (z R )(z R -M) 



constant interaction, 
WT interaction. 



(48) 



For a virtual state (Im zr = 0), the expression provides a 
real value for the compositeness. The virtual state gen- 
erated by the contact interaction always gives Z = 0, 
while the WT interaction can lead to Z < 0, depending 
on the subtraction constant. This is because the virtual 
state cannot be included in the orthonormal basis. In the 
case of a resonance, the field renormalization constant is 
given by a complex number. Thus, the interpretation of 
the field renormalization constant as the compositeness is 
not as straightforward as in the case of the bound state. 
However, when the width is small, the imaginary part of 
the renormalization constant is small and we can read off 
the compositeness from its real part or from its absolute 
value. 



167r 3 ^M B q{-B) 



7 The resonance state can be included in the extended complete- 
ness relation using the complex scaling method |5 j| . This is one 
possibility to define the compositeness of resonances. 
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FIG. 1. (Color online) The compositeness of the bound state 
as a function of the binding energy B = M + m — Mb with 
a = dnaturai, m = 496 MeV, and M = 939 MeV. The solid 
line denotes expression (|42|) . while the dotted line represents 
the approximate form (|46|) valid for the small binding energy. 



B. Numerical analysis 

In this section we present numerical results. To fix the 
energy scale of the system, we choose m = 496 MeV and 
M = 939 MeV unless otherwise stated, bearing the KN 
bound state 42[ in mind. 

calculate the 



We first calculate the compositeness of the bound 
states obtained in the natural renormalization condition 
to examine the nature of the bound state in this scheme. 
The natural renormalization scheme is briefly explained 
in Appendix[Bj As shown in Eq. (|42|) . the constant inter- 
action always produces a purely composite bound state, 
so we investigate the case of the energy-dependent WT 
interaction. We set a = a natura i and vary the binding 
energy B = M + m — Mb with the coupling strength C 
being determined according to Eq. ([TT]). 

In Fig. [TJ we show the compositeness 1 — Z given in 
Eq. (|42j) by the solid line as a function of the binding 
energy B. The result indicates that the generated bound 
state in the natural renormalization scheme is dominated 
by the composite structure. When the binding energy is 
decreased, the compositeness of the bound state becomes 
large and eventually approaches unity for B — > 0, in ac- 
cordance with Eq. (j45|). The deviation from the purely 
composite state becomes larger as the binding energy is 
increased. In practice, to produce the deeply bound state 
in the natural scheme, the coupling strength C must be 
very large, which is unlikely when this strength follows 
the constraint from chiral symmetry [37], EH . 

For comparison, we plot the result of the model- 
independent form (|46p with the dotted line, which is valid 
for the small binding energy. We notice that the result 
of the small binding approximation deviates from the re- 
sult of Eq. (|42j) , even for relatively small binding energy, 
although the compositeness becomes unity in the B — > 
limit. In addition, for the binding energy B > 25 MeV, 
the compositeness exceeds unity, which means Z < 0. In 
comparison with the exact result, we conclude that the 
result Z < is caused by the breakdown of the small 
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FIG. 2. (Color online) Same with Fig. [T] with m = 138 MeV 
and M = 939 MeV [nN system, panel (a)], m = 496 MeV 
and M = 2286 MeV [KA C system, panel (b)], and m = 138 
MeV and M = 2286 MeV [ttA c system, panel (c)]. 



binding approximation. In Fig. [51 we also present the re- 
sults with other combination of hadron masses, m = 138 
MeV and M = 939 MeV [7r7V_system, panel (a)], m = 496 
MeV and M = 2286 MeV [KA C system, panel (b)], and 
m = 138 MeV and M = 2286 MeV [KA C system, panel 
(c)]. It is seen that the agreement of the exact formula 
with the model-independent form depends on the combi- 
nation of hadron masses. 

To examine the validity of the small binding approxi- 
mation, we show in Fig. [3]the factor A(Mg) in Eq. (|T7)) 
which characterizes the difference of Eqs. (j42| and (|46[) . 
To study the dependence on the masses of the system, 
we analyze the KN system, the ttN system, the KA C 
system, and the 7rA c system. In the KN, ttN and 
KA C cases, the factor A(Mb) enhances the composite- 
ness from the exact value, while it is reduced in the 7rA c 
case. In all cases, it becomes unity in the limit B — > 0. 
This means that the field renormalization constant Z in 
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FIG. 3. (Color online) The factor A(M B ) defined in Eq. (|47j) 
which shows the accuracy of the approximation. The dashed 
line represents the result with m = 496 MeV and M = 939 
MeV (KN system), the solid line with m = 138 MeV and 
M = 939 MeV (wN system), the dotted line with m = 496 
MeV and M = 2286 MeV (KA C system), and the dash-dotted 
line with m = 138 MeV and M = 2286 MeV (ttA c system). 



Sec. IIII Bl and Zmr in Sec. lIII Al are equivalent at the zero 
binding energy: 

(z - z NR )\ B ^ = 0. 

The agreement is, however, only guaranteed in the B — > 
limit, because we include only the leading term in the 
pole dominance approximation to derive Zmr, as dis- 
cussed in the end of Sec. IIII Al The deviation of the re- 
sults for B ^ is attributed to the lack of knowledge of 
the off-shell dependence of the coupling strength G\y- 

Next we connect the discussion of the natural renor- 
malization scheme in Ref. [HI to the compositeness. 
From now on we use Eq. PS]) to calculate the composite- 
ness. We fix the binding energy at B = 5 MeV and vary 
the subtraction constant from the natural value. Again, 
the coupling strength C is adjusted using Eq. (fl"7|) . In 
Fig. 0Ja), we plot the compositeness as a function of the 
deviation of the subtraction constant from the natural 
value: 

Aa = a — Onatural- 

The result indicates that the compositeness of the bound 
state decreases as the deviation from the natural value 
gets larger, as discussed in Ref. [H|. The vertical dotted 
line corresponds to G(Mg;a) = 0, where the coupling 
strength C diverges. 

To appreciate the deviation of the subtraction con- 
stant in the physical unit, using Eq. (|19[) . we translate 
Aa into the effective mass of the pole term in the in- 
teraction, M ff. We have set the problem such that the 
bound state with B = 5 MeV is generated by the WT 
term with o na turai- To generate the bound state with the 
same binding energy with a different subtraction constant 
a = a naturai + Aa, we take the different coupling strength 
C = (Mb — M)G (Mb; ^natural + Aa). We can express 
the difference of the subtraction constants in terms of 
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FIG. 4. (Color online) The compositeness of the bound state 
as a function of the deviation of the subtraction constant from 
the natural value Aa (a) and the effective pole mass M e g 
(b) with B = 10 MeV, m = 496 MeV and M = 939 MeV. 
The vertical dotted line represents the composite subtraction 
constant a com p, while the vertical dashed line in the panel (a) 
corresponds to the natural value of the subtraction constant 
^natural- The horizontal solid line in the panel (b) indicates 
the compositeness at a = a na turai (Mcff — > oo). 



the effective pole term as in Eq. (|18p by shifting the sub- 
traction constant to the natural value. We calculate the 
effective pole mass M e s in Eq. (flU)) . The compositeness 
is displayed as a function of M c h in Fig. Q|b). It is clear 
from Fig. [31(b) that the bound state becomes purely el- 
ementary particle for Af e g — > Mb, which corresponds 
to Aa — > oo by Eq. (|B3|1 . The compositeness of the 
bound state is large when M e g is located away from the 
bound-state energy region, and in the limit M e g — > oo, 
by Eq. (|B3[) we obtain the value with a = a natura i (hori- 
zontal solid line). This behavior is fully compatible with 
the analysis in Ref. [34| . 

Having the compositeness 1 — Z defined, we revisit the 
meaning of the natural renormalization scheme. We have 
found that the physical bound state generated by the 
WT interaction cannot be purely composite. Thus, even 
in the natural renormalization scheme, the bound state 
should contain some elementary component. Because the 
purely composite state is realized only for the limiting 
cases, we cannot establish a "composite renormalization 
condition" in which the elementary component is com- 
pletely excluded. It is possible to calculate the com- 
positeness for the bound state when a phcnomenologi- 
cal model is available, but the notion cannot be applied 
to the scattering system without experimental data, be- 
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cause the knowledge of Mb is necessary to calculate Z. 
The numerical results in Figs. [1] and [5] show that the 
natural renormalization scheme provides an almost com- 
posite bound state for a small binding energy, so we can 
regard the natural renormalization scheme as a practical 
way to generate the hadronic molecular states. 

It is instructive to recall the phenomenological discus- 
sion of Ref. [13 where the A(1405) and iV(1535) res- 
onances were analyzed. Through the comparison of the 
phenomenological and natural schemes, it was found that 
the effective pole mass for A(1405) appears at 7.9 GeV, 
while that for V(1535) sits at 1.7 GeV. The result in 
Fig. IHb) implies that more than 80 % of A(1405), de- 
scribed as KN quasibound state with 5-MeV binding, is 
interpreted as a mcson-baryon composite structure. For 
more quantitative discussion on the structure of 7V(1535), 
we need to extend the present framework to the resonance 
state in the multi-channel scattering. This is briefly dis- 
cussed in Appendix ID 21 



V. SUMMARY 

We have discussed the compositeness of a meson- 
baryon bound state in the single-channel meson-baryon 
scattering. Based on this model space, we decompose the 
bound-state wave function into the meson-baryon com- 
posite system and the elementary contribution expressed 
by the bare field. Assuming that the mass of the bound 
state and its coupling to the scattering state are known, 
we determine the compositeness of the bound state. The 
notion of the compositeness is used to investigate the 
structure of the bound state obtained in the chiral uni- 
tary approach. 

We first study the properties of the bound states and 
resonances in the chiral unitary approach. Analyzing the 
single-channel model with the energy-independent con- 
stant interaction and the energy-dependent chiral inter- 
action, we show that the residue of the bound-state pole, 
which expresses the squared coupling constant, is always 
positive irrespective to the energy dependence of the in- 
teraction. Using the pole condition, we find that a pole 
with a finite imaginary part (a resonance or a virtual 
state with a finite width) can be generated when the in- 
teraction has energy dependence, in the framework of the 
chiral unitary approach. 

The normalized measure of the compositeness of the 
bound state is defined in a general framework, through 
the renormalization constant of the bare field. The com- 
positeness is expressed in terms of the mass of the bound 
state and the coupling constant to the scattering state. 
We find the expression of the compositeness for arbitrary 
binding energy in the nonrelativistic quantum mechan- 
ics and in the relativistic field theory, from which the 
model-independent formula of Weinberg [22[ is derived 
in the weak binding limit. It is, however, shown that the 
compositeness of the bound state, except for the weak 
binding limit, depends on the choice of the interaction, 



unless the off-shellness of the coupling strength of the 
bound state to the scattering states is under control. 

Applying this formulation to the chiral unitary ap- 
proach, we find that the constant interaction always 
generates a purely composite bound state. In contrast, 
when the energy-dependent chiral interaction is used, the 
bound state is realized as a mixture of the elementary and 
composite components, and a purely composite bound 
state is possible in the limit of vanishing binding energy 
B — > or diverging interaction strength C — > — oo. 

We show that the bound state in the natural renor- 



malization scheme |3J] is almost composite particle. In 
Ref. [IH, the pole term in the effective interaction was 
interpreted as the source of elementarity. This picture 
is confirmed from the viewpoint of the compositeness of 
the bound state, and the position of the effective pole is 
now related to the compositeness quantitatively. 

Given that the most of the interesting hadrons are res- 
onances, it is of great importance to generalize the notion 
of the "compositeness" to resonances. Although a naive 
extension of the present approach (|48[) results in the com- 
plex value for the compositeness, a quantitative definition 
of the compositeness of resonances will be an important 
step to understand the structure of hadron resonances. 
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Appendix A: CONVENTION OF THE 
AMPLITUDE 



Here we summarize the convention of the scattering 
amplitude and T matrix in this paper (see also Ref. f33j). 
The scattering amplitude in the nonrelativistic quantum 
mechanics f(E, 9) with the energy E and the scattering 
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angle 6 is related to the differential cross section as 

,2 _ da(E) 



\f(E,i 



For the s-wave scattering without angular dependence, 
the optical theorem can be written as 

Im f(E) = q\f(E)\ 2 , 

where q is the momentum q = \J2[iE. The T-matrix 
element in the nonrelativistic quantum mechanics t is 
defined as 

f(E) = -4n 2 fit(E), 

such that the optical theorem takes the form of Eq. . 

The T matrix in the chiral unitary approach T satisfies 
the optical theorem as 



Im T(W) 



Mq 



\T(W)f 



where the three-momentum function q is defined in 
Eq. © and W = E + M + m. Therefore, to have the 
consistent optical theorem, the relation between T and t 
should be as follows: 



T(W) 



Any/s q 
M q 



f(E) 



16ir 3 /j,y/s q 
M d 



t{E). 



Appendix B: NATURAL RENORMALIZATION 
SCHEME AND EFFECTIVE POLE TERMS FOR 
GENERAL INTERACTION 

In Ref. {34| . the natural renormalization scheme was 
introduced to study the origin of resonances, based on 
the property of the real part of the loop function and the 
chiral low energy theorem. The subtraction constant a 
in Eq. ([5]) determines the finite part of the loop function. 
To exclude the possible seed of resonances in the loop 
function, the subtraction constant should be chosen to 
satisfy the condition 



G(/X m ; a na tural) — 0, fl r 



M. 



(Bl) 



This subtraction constant a na t U rai is called the natural 
subtraction constant. As shown in Eqs. (fT8|) and (|T9| . 
the variation of the subtraction constant (with the same 
interaction kernel) is equivalent to the introduction of 
the pole term in the interaction kernel (with the same 
subtraction constant). Thus, if the experimental data 
requires the subtraction constant which is a very differ- 
ent value from the natural one, the origin of the gen- 
erated resonance should be attributed to be the CDD 
pole contribution. However, if the experimental data are 
well reproduced by the natural renormalization constant, 
then the resonance in the amplitude is regarded as a dy- 
namically generated state. 



Let us consider the relation between the deviation of 
the subtraction constant Aa = a — a natura i and the effec- 
tive mass M e ff. From Eq. (fTT)|). we find 



M e fi -> oo <=> Aa = 0. 



(B2) 



This can be understood to mean that the natural value of 
the subtraction constant does not require the pole term 
in the interaction kernel. If there is no bound state, we 
obtain M e g = M from Eq. (jTT?)) in the limit of Aa — > oo. 
If we have a bound state at W = Mb, however, this 
does not hold as shown below. Eliminating the coupling 
strength C in Eq. (fT9|) by the bound state condition (fT5l) , 
we find 



Mo 



--M 



(47T) 2 

2MAa 



(M B -M)G(M B ; 

^natural 

+ Aa), 



where G(Mb', a na t U rai + Aa) becomes infinite as Aa — > oo. 
Noting that the subtraction constant is included linearly 
in G(W] a), we can write 

G(M B ; a na turai + Aa) = + G(M B ; a natu ral) 



Then we obtain 



M eff =M B 



(4tt) 



(4tt) 2 



-(M B - M)G{M B ] ^natural ) ■ 



2M Aa 

Because G(Mb] a natura i) is finite, we obtain 

M eS = M B Aa -> oo. (B3) 

In Sec. II, we have discussed the interaction V which 
linearly depends on the meson energy, with single sub- 
traction of the dispersion integral. In general, the higher- 
order contributions to V in chiral perturbation theory 
will induce terms with higher powers of meson energy in 
the interaction kernel, and more than single subtraction 
can be performed. Here we consider the natural renor- 
malization condition and the effective pole(s) in general 
cases. 

We write the interaction V oi N powers of meson en- 
ergy and the loop function G with M times subtractions 



iY 



n=0 
M 



G(W] {a (m) }) = a {m) W m + G finitc (IF), 

m=Q 

2Ma 



G bnite {W) =G(W;a) 



(4tt) 2 



For instance, we can choose N = 0, = Cm for the 
energy-independent interaction, N = 1, = —CM, 
C W = C for the WT interaction, and M = 0, a^ = 
—2M a / (A-k) 2 for the single subtraction of the loop func- 
tion. 
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We first consider the natural renormalization scheme 
in this case. Because we have M + 1 subtraction con- 
stants, M + 1 relations should be determined in the nat- 
ural scheme. In addition to condition (|B1I) . 

T(Hrn) =V(/J, m ), 

we require the matching of the derivatives 



d m T{W) 



dW r > 



d m V{W) 



W=fj,„ 



dW r 



1,. 



,M, 



W=fi„ 



where fi m is the matching scale which is taken to be the 
mass of the baryon in Ref. [34[. These conditions deter- 
mine the natural subtraction constants {o^J. ural }. Then 
the effective interaction is given by 



V, 



natural 



(W;{a^}) 



1 



(e!=o^»^)- i -e!=o" w ^ 

Thus, the effective interaction has M + N poles. The 
energy-independent interaction is N = M = 0, so no pole 
appears, and the WT interaction is N = 1 and M = so 
we have one pole in Eq. (fH)]) . Because {a{\ are the roots 
of the M + Nth algebraic equation, they can become 
complex numbers. 



Appendix C: POLE TRAJECTORY IN THE 
SECOND RIEMANN SHEET 



Here we consider the trajectory of pole singularity in 
the scattering amplitude when the coupling strength is 
varied. 

We first show that the pole trajectory is continuous as 
a function of the coupling strength in the second Riemann 
sheet. Defining 



P(z,C) 



1 - CmGn(z) 

1 - C(z - M)G u (z) 



constant interaction, 
WT interaction, 



unitary cut with the coupling strength Co- Expanding 
the function P(z 7 C) around the zero, we obtain 

p( z , c)=Y, a ™(° - c °y i ( z - z °r 

n, m 

=a i(z - z ) + a w (C - C ) 
+ 0{AlA z A c ,A 2 c ) 

where A z = z-z and A c = C-C . Thus, P(z R , C) = 
leads to 

2fl = zo-— A c + 0(A 2 z ,A z A c ,Al) 

In the limit C — > Co, the solution approaches zr — > zo- 
Thus, the pole position zr is a continuous function of the 
coupling strength C (see also Ref. [13] for the potential 
scattering.). 

For illustration, we show the pole trajectories of the 
scattering amplitude with the WT interaction in Fig. [5] 
The masses are chosen to be M = 939 MeV and 
m = 496 MeV, and we use the natural subtraction con- 
stant a = —1.15. The coupling strength is given by 
C = i-[-4/(2/ 2 )] with / = 92.4 MeV, where we vary 
the parameter x and look for the poles of the amplitude. 
With x = 1.0, we obtain a bound state in the first Rie- 
mann sheet. As we decrease the interaction strength, the 
binding energy decreases and eventually the pole reaches 
the threshold at x ~ 0.6, which is called zero energy reso- 
nance. When the interaction strength is further reduced, 
the pole moves to the second Riemann sheet and becomes 
a virtual state. This pole goes to the lower energy direc- 
tion. There is another pole which comes up from the 
lower side. These two poles correspond to the solution 
of a quadratic equation, and the trajectory of two poles 
matches when Eq. (|Cip has a double root. This meet- 
ing point is determined by the condition (|2~5j) . Two poles 
then move to the complex plane, which are conjugate to 
each other on the second Riemann sheet. Note that the 
pole with the negative imaginary part is relevant to the 
physical scattering on the real axis. This pole can move 
above the threshold where it is interpreted as a resonance. 



we obtain the pole position zr by solving 
P(z R ,C) = 0, 



(CI) 



Appendix D: COUPLED CHANNEL 
SCATTERING 



for a given C. Namely, the zero of P(z, C) corresponds 
to the pole position of the scattering amplitude. Clearly, 
in both cases, P(z, C) is an analytic function of z except 
for the unitary cut on the real axis. It is also analytic 
for C. Suppose that we find a pole zq away from the 



In this Appendix we fix the subtraction constant a as a natural 
value and do not consider its variation. 



1. Chiral unitary approach in coupled-channel 
scattering 

Here we summarize the framework of the chiral uni- 
tary approach in the coupled-channel scattering. The 
Weinberg- Tomozawa (WT) energy-dependent interac- 
tion is given by 



C ij (2W-M i -M j ), 
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FIG. 5. (Color online) Pole trajectories with M = 939 MeV, 
m — 496 MeV, and the natural subtraction constant. Pole 1 is 
the most relevant to the amplitude above the threshold. The 
poles on the real axis are slightly shifted to positive (negative) 
direction of the imaginary axis when they are on the first 
(second) Riemann sheet. 



where i,j denote the channel indices. The corresponding 
energy-independent interaction reads 



^(indep) =C ,. (m . +m . } 



-V; 



(WT) 



W 



Namely, two interactions agree at the threshold (average 
of the threshold energies) in the diagonal (off-diagonal) 
channels. The scattering amplitude is given in a matrix 
form as 



T(W) 



V{W)G(W;a)]- 1 V(W), 



with Vn (W) being V^ WT) (W) or v}j ndep) . The loop func- 
tion Gi(W; a) is diagonal and given by the same formula 
with Eqs. ([5]) and (|6]) with adding the channel index i. 
The definition of the second Riemann sheet is also same 
with Eqs. © and ©, and the condition for the pole of 
the amplitude is 

{det(l — VG)\w= ZR = (bound states), 
dct(l — VGn)\w=z R = (virtual states/resonances), 

where z R is the energy of the bound state, virtual state, 
or resonance. The pole residue is defined as 



Tij(W) 



9i9j 



W-zr 



In contrast to the single-channel case, the residues can- 
not be written analytically. As shown in Ref. (52j . the 



residues gigj should satisfy the relation 



(Dl) 



W^z R 



which is the generalization of the Ward identity for 
the vertex-renormalization factor and the wave function 
renormalization factor. For the coupled-channel scat- 
tering, {g{\ cannot be uniquely determined by one con- 
straint of Eq. (|D1[) . For the single-channel case, Eq. (|D1|) 
leads to Eqs. ([To]) and (pM]) with the help of the pole con- 
dition (ITU1) : 



1 



9 



G'{z R ) + G{z R )V'{z R )G{z R ) 
1 



V'(z R )G(z R ) 
V{z R ) 



(D2) 



G'{z R ) 

with properly chosen Riemann sheet of the loop function. 



2. Compositeness in coupled-channel scattering 
with multiple bound states 



In Sec. IIII Al we consider the system with one bound 
state and the continuum states in one channel. Here we 
consider several elementary bound states labeled by n in 
the coupled-channel scattering with channel index i. The 
cigenstatcs of the free Hamiltonian are 



H \ q,i) = Ei(q)\ q,i) = 
Ho\B n0 ) = —B n _ \B n0 ), 



th,i 



where E t h,i is the appropriate threshold energy in channel 
i measured from the reference channel. These eigenstates 
satisfy the orthonormal conditions 

(q,i\q'j) = S{q' - q)S ij , 

{ Bnfl | Bm.O ) = 3nm, ( -B«,0 I 9) * ) = 0- 

The complete set is expanded as 



1 = 



B n ,o)(B nfi \+Y^ j ' dq\q,i)(q,i\. 



Let us label the bound state in the full Hamiltonian by 
a. In general, the number of a is not necessary the same 
with the number of n. Now we define Z" and X" for 
each bound state a as 

Z« = |<S„,o|S Q )| 2 , Xf = Jdq\(q^\B a )\ 2 , 



1 = 



Z% + ^X? for each a, 



where Xf (Z") represents the probability of finding the 
bound state B a in the scattering state in channel i (el- 
ementary state B n x))- If we regard the {-B n .o} states 
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as elementary particles, the compositeness of the bound 
state B a is given by 



with X" being the components in channel i. 
With the Schrodingcr equation, we obtain 



a \|2 



. \(Q,i\V\B 
[Ei(q) + B' 



For the s-wavc scattering, defining (q, i\V\B a ] 
G^i[Ei{q)\, we have 



i r 



E 



th.i 



\G^(E)? 

(E + B a y 



as an analogy with Eq. ([33]) . Noting that the scattering 
amplitude can be written as 



(E)G^JE) 
t l3 (E) = Vij + ^ 

a. 

+ J2 AlT y 2 4 / dE' y/E' - E tK 

we can express the compositeness as 

, yE — Eth.i 



-tik(E )tkj(E ) 



E-E> 



i — r 

J Et 



dE- 



E + B a 

2 



Vi 



t r°° 

^4 7 r v /2^ / dE'y/E'-E 

J, J Eth It 



/\|2 



th.fc 



\Uk(E' )\ 

E~E' 



This is the generalization of Eq. (|3 1 1) . If there is only one 
bound state, the second term in the parentheses does not 
appear and the compositeness of the bound state can be 
written in terms of the amplitude t and the interaction 
v. Using pole dominance, we obtain 



y/Et^i + B° 

where we define g^ vi = G^ { {E — —B a ). 



Appendix E: COMPOSITENESS OF THE 
SCALAR MESON IN THE PSEUDOSCALAR 
MESON SCATTERING 

Here we briefly derive the expression of the compos- 
iteness in a different scattering system. We consider the 
field theory with a pseudoscalar meson field </>(0~) and a 
bare field of scalar meson $o(0 + ) as 

Co =\{d^<t> - ™V) + !(0 |i *o0 M *o - M* a *o): 
which interact through the three-point vertex, 



where Ao is the bare coupling constant. We then con- 
sider that the spectrum of the full theory has a scalar 
meson bound state with mass M$. The definition of the 
field rcnormalization constant, which wc denote Z , is the 
residue of the full Green's function at s = M|, namely, 



A( S ) 



Z 



where s is the total momentum squared. 

Following the same argument with Sec. lIII 51 we arrive 
at the expression 



Z = 



d 4 q 



1 



1-\IG'{MIY 



1 



1 



where 
G{s) 
G'(M|) 



with s = \P 2 . Defining the physical coupling constant 
A as the residue of the bound state pole in the scattering 
amplitude, we can write the compositeness as 



(27r) 4 (P — q) 2 — m 2 + ie q 2 — in 2 + ie ' 
dG{s) 

s=Ml ' 



dt 



1 - z 



-X 2 G'{Ml). 



Thus, we again find that the compositeness is propor- 
tional to the physical coupling constant squared and the 
derivative of the loop function at the mass of the bound 
state. 



[1] R. H. Dalitz and S. F. Tuan, Phys. Rev. Lett. 2, 425 
(1959). 

[2] R. H. Dalitz and S. F. Tuan, Ann. Phys. 10, 307 (1960). 
[3] R. H. Dalitz, T. C. Wong, and G. Rajasekaran, Phys. 

Rev. 153, 1617 (1967). 
[4] J. D. Weinstein and N. Isgur, Phys. Rev. D 27, 588 



(1983). 

[5] M. B. Voloshin, Phys. Lett. B 579, 316 (2004). 
[6] N. A. Tornqvist, Phys. Lett. B 590, 209 (2004). 
[7] J. R. Pelaez, Phys. Rev. Lett. 92, 102001 (2004). 
[8] J. R. Pelaez and G. Rios, Phys. Rev. Lett. 97, 242002 
(2006). 



18 



[9] T. Hyodo, D. Jido, and L. Roca, Phys. Rev. D 77, 056010 
(2008). 

[10] L. Roca, T. Hyodo, and D. Jido, Nucl. Phys. A 809, 65 
(2008). 

[11] L. S. Geng, E. Oset, J. R. Pelaez, and L. Roca, Eur. 

Phys. J. A 39, 81 (2009). 
[12] H. Nagahiro, K. Nawa, S. Ozaki, D. Jido, and A. Hosaka, 

Phys. Rev. D 83, 111504 (2011). 
[13] T. Hyodo, D. Jido, and T. Kunihiro, Nucl. Phys. A 848, 

341 (2010). 

[14] S. Cho et al. (ExHIC collaboration), Phys. Rev. Lett. 

106, 212001 (2011). 
[15] S. Cho et al. (ExHIC collaboration), Phys. Rev. C 84, 

064910 (2011). 

[16] Y. Funaki, A. Tohsaki, H. Horiuchi, P. Schuck, and 
G. Ropke, Phys. Rev. C 67, 051306 (2003). 

[17] A. Salam, Nuovo Cimento 25, 224 (1962). 

[18] S. Weinberg, Phys. Rev. 130, 776 (1963). 

[19] S. Weinberg, Phys. Rev. 131, 440 (1963). 

[20] S. Weinberg, Phys. Rev. 133, B232 (1964). 

[21] H. Ezawa, T. Muta, and H. Umezawa, Prog. Theor. Phys. 
29, 877 (1963). 

[22] S. Weinberg, Phys. Rev. 137, B672 (1965). 

[23] D. Lurie and A. J. Macfarlane, Phys. Rev. 136, B816 
(1963). 

[24] D. Morgan and M. R. Pennington, Phys. Lett. B 258, 
444 (1991). 

[25] D. Morgan, Nucl. Phys. A 543, 632 (1992). 

[26] V. Baru, J. Haidenbauer, C. Hanhart, Y. Kalashnikova, 

and A. E. Kudryavtsev, Phys. Lett. B 586, 53 (2004). 
[27] C. Hanhart, Yu. S. Kalashnikova, and A. V. Nefediev, 

Eur. Phys. J. A 47, 101 (2011). 
[28] T. Hyodo, D. Jido, and A. Hosaka, AIP Conf. Proc. 

1322, 374 (2010). 
[29] N. Kaiser, P. B. Siegel, and W. Weise, Nucl. Phys. A 

594, 325 (1995). 



[30] E. Oset and A. Ramos, Nucl. Phys. A 635, 99 (1998). 
[31] J. A. Oiler and U. G. Meissner, Phys. Lett. B 500, 263 
(2001). 

[32] M. F. M. Lutz and E. E. Kolomeitsev, Nucl. Phys. A 

700, 193 (2002). 
[33] T. Hyodo and D. Jido, Prog. Part. Nucl. Phys. 67, 55 

(2012). 

[34] T. Hyodo, D. Jido, and A. Hosaka, Phys. Rev. C 78, 
025203 (2008). 

[35] L. Castillejo, R. H. Dalitz, and F. J. Dyson, Phys. Rev. 

101, 453 (1956). 
[36] G. F. Chew and S. C. Frautschi, Phys. Rev. 124, 264 

(1961). 

[37] T. Hyodo, D. Jido, and A. Hosaka, Phys. Rev. D 75, 

034002 (2007). 
[38] S. Weinberg, Phys. Rev. Lett. 17, 616 (1966). 
[39] Y. Tomozawa, Nuovo Cimento 46A, 707 (1966). 
[40] S. L. Adler, Phys. Rev. 137, B1022 (1965). 
[41] D. Jido, J. A. Oiler, E. Oset, A. Ramos, and U. G. Meiss- 
ner Nucl. Phys. A 725, 181 (2003). 
[42] T. Hyodo and W. Weise, Phys. Rev. C 77, 035204 (2008). 
[43] Y. Ikeda, H. Kamano, and T. Sato, Prog. Theor. Phys. 

124, 533 (2010). 
[44] Y. Ikeda, T. Hyodo, D. Jido, H. Kamano, T. Sato, and 

K. Yazaki, Prog. Theor. Phys. 125, 1205 (2011). 
[45] J. A. Oiler and E. Oset, Nucl. Phys. A 620, 438 (1997). 
[46] D. Gamermann, J. Nieves, E. Oset, and E. Ruiz Arriola, 

Phys. Rev. D 81 014029 (2010). 
[47] J. R. Taylor, Scattering Theory: The quantum theory on 

nonrelativistic collisions (Wiley & Sons, New York, 1972) 
[48] T. Hyodo, D. Jido, and A. Hosaka, Phys. Rev. Lett. 97, 

192002 (2006). 
[49] H. Feshbach, Ann. Phys. 5, 357 (1958). 
[50] H. Feshbach, Ann. Phys. 19, 287 (1962). 
[51] T. Myo and K. Kato, Prog. Theor. Phys. 98, 1275 (1997). 
[52] T. Sekihara, T. Hyodo, and D. Jido, Phys. Rev. C 83, 

055202 (2011). 



